Extension of the Friction Mastercurve to Limiting Shear Stress Models
Introduction
Accurate prediction of the lubricant film thickness and frictional behavior are crucial to the design of machine elements operating in the elastohydrodynamic ͑EHL͒ regime. In some cases friction is needed to transmit power, in others it should be minimized. In both cases an accurate prediction of its magnitude is paramount. Whereas the importance of accurate friction estimates is widely recognized, unlike film thickness formulas, general and simple formulas relating friction in an EHL contact to the operating conditions are virtually absent. This is maybe due to the simplicity of friction measurements in EHL contacts combined with uncertainties on the rheological behavior of lubricants at high pressure and shear rates and a difficult numerical implementation.
Indeed the derivation of a generalized Reynolds equation incorporating non-Newtonian effects is not trivial for the case of elliptic contacts. An approximate approach using effective viscosities based on a perturbational analysis has recently been suggested by Ehret et al. ͓1͔ . Note that this approach had also been reported independently by Kudish ͓2͔. The approach is flexible and adds almost no numerical complexity to the numerical solvers for the Newtonian case.
It was used by the authors in a large-scale parametric study in which the friction coefficient caused by sliding in EHL contacts has been calculated assuming Eyring non-Newtonian behavior, see ͓3͔. It was shown that the influence of the operating conditions, contact geometry and the lubricant piezoviscosity can be combined into a unique parameter, a characteristic shear stress denoted c . When plotted as a function of c and the reduced friction coefficient, the friction data collapses on one generalized traction curve: the mastercurve. It represents a simple and accurate engineering tool to predict friction.
The analysis needs however to be extended to other nonNewtonian models such as limiting shear stress models. In this paper four different rheological models presenting a limiting shear stress behavior are considered. Using a slightly modified approximate approach to account for the limiting shear stress behavior, the friction coefficient is calculated for wide range of operating conditions. The results of friction calculations are presented in terms of c and . From the results a new mastercurve is derived valid for all four models which is validated against experimental data published in the literature.
Finally the mastercurve for the Eyring model derived in ͓3͔ and for the limiting shear stress models are compared. A relation between the Eyring stress 0 and the limiting shear stress L is given which can be used to remedy to the absence of independent measurements of 0 .
2 Theory 2.1 Rheological Models. Several models have been suggested to describe limiting shear stress behavior, see Fig. 1 . A useful generalization has been given by Elsharkawy and Hamrock ͓11͔:
In this work the general model will be used with nϭ2, giving the so-called circular model ͓5͔, nϭ1.8 which approximates the logarithmic model of Bair and Winer ͓12͔ and nϭ1, the linear model ͓6͔. In addition the model proposed by Gecim and Winer ͓13͔ will be used:
2.2 Equations. Non-Newtonian effects are usually incorporated in EHL analyses by means of effective viscosities in the Reynolds equation. For line contacts analytical expressions for the effective viscosities can be derived for both Eyring and limiting shear stress models; see ͓4 -6͔. For elliptic contacts this is no longer possible and several ways to obtain approximate expressions have been proposed. For limiting shear stress models so far the only alternative to full numerical integration across the film ͓7͔ is the perturbation method presented in ͓1͔. This method is flexible and straightforward but unfortunately for limiting shear stress models it can lead to a large overestimation of the nonNewtonian effects due to the asymptotic character of the shearstress shear strain relation characteristic for such models.
In this paper a new method is presented to derive the effective viscosities. It is as flexible as the approach of ͓1͔ but it is more accurate. A full description of the derivation of the generalized Reynolds equation starting from the shear stress-shear rate equations is given in Appendix A.
The resulting generalized Reynolds equation describing the flow of lubricant in the EHL contact reads:
with the boundary conditions Pϭ0 and the cavitation condition Pу0 everywhere. The effective viscosities are given by:
where
f ( m ) is the shear stress shear strain relation. The mean shear stress can be obtained from the boundary condition equation for velocities:
For the general model Eq. 6 gives:
and for Gecim and Winer's model:
Note that the rheological models described previously are not constitutive equations. The derivation of effective viscosities is therefore strictly speaking not valid. In its simplest form the lubricant density is assumed to be constant ϭ1 and the viscosity is taken to depend on the pressure according to the Barus equation. Alternatively the variations of the density with pressure can be modeled with the Dowson and Higginson relation ͓8͔ and the Roelands viscosity pressure equation ͓9͔ or the Yasutomi Free Volume relation ͓10͔ can be used. The dimensionless film thickness equation is given by
where SϭS() is a shape factor due to the ellipticity of the contact, see Nomenclature, and ⌬ is the dimensionless mutual approach of the contacting bodies. Its value is such that the force balance condition is fulfilled:
Finally, the reduced coefficient of ͑sliding͒ friction is defined as:
where L ( P)ϭ L0 ϩ␥p H P.
Control Parameters.
For the simplest case of an incompressible lubricant obeying the Barus relation the solutions to the non-Newtonian EHL problem are fully characterized by the four parameters M, L, D, and S , where M and L are the dimensionless load and lubricant parameters, D is the ellipticity ratio and S is the dimensionless slip parameter given by:
The characterization of the frictional behavior of EHL contacts consists thus of finding the form of the relation ϭ f (M ,L,D,S ). In a previous study it was shown that for the case of Eyring lubricant behavior the four parameters in M, L, D, and S do not independently influence f. It was found that f can be written as a function of one independent parameter, a characteristic shear stress c , see ͓3͔. For the Eyring model:
The parameter c represents the dimensionless shear stress in the center of the contact and its form does not assume any particular rheological model which suggests that it may also be used to characterize friction for limiting shear stress models. To verify this assumption, the friction results in the next sections are plotted in terms of ( c , ).
Results
The equations given in the previous section were discretised to second order accuracy on a uniform grid. The resulting discrete equations were solved with a multilevel/multigrid algorithm. For details regarding the numerical solution technique the reader is referred to ͓14͔. Details about the numerical consequences of nonNewtonian behavior are given in Appendix A. An illustration of the accuracy of the solutions obtained is given in appendix B.
In sections 3.1 and 3.2 computed sliding traction results obtained using the general model with different values of n and with the Gecim and Winer model will be presented. The models have been used in combination with different pressure viscosity relations and also assuming a compressible versus incompressible lubricant. The aim is to find out how well a single parameter relation ϭ f ( ) as found for the Eyring model applies here. Finally in Section 4.3 the results are compared with experimental traction data found in the literature.
Circular Model.
First the results obtained with the general model for the case nϭ2 are presented. Figure 2 shows the results of as a function of c . In the figure results are presented for a line contact (R y ϭϱ), a circular contact (R x ϭR y ), and elliptic contacts (R x /R y ϭ1/2 and 1/5͒. In each of these cases the Moes load and lubricant parameters M and L were varied over a wide range of values 50ϽM Ͻ1500 and 5ϽLϽ20. The legend 
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Transactions of the ASME also indicates the compressibility behavior assumed ͑I for incompressible, C for compressible͒ as well as the viscosity pressure relation that was used ͑B for Barus, R for Roelands and Y for Yasutomi͒. The computations carried out with the Barus equation apply to a fixed value of ␣ϭ2.2 10 Ϫ8 . For the Roelands equation the same value of ␣ was used in combination with Zϭ0.67. The parameters in the Yasutomi relation were taken from ͓19͔ referring to lubricant HVI 650 at 100°C. The limiting shear stress was taken to depend on the pressure with 0.06р␥р0.1 and L0 was assumed constant L0 ϭ10
5 Pa. Figure 2 shows that at first sight all traction results fall along a single traction curve with a shape characteristic of limiting shear stress models. There is some noticeable scatter, especially for c у10 3 , indicating that c , derived for the Eyring model does not fully characterize the severity of the operating conditions for the circular model. These variations can be understood by comparing how friction is generated for an Eyring fluid and for fluids following limiting shear stress models. With an Eyring fluid, the shear stresses increase unboundedly with the shear rate. Because of the very high viscosity in the center of the contact the value of the shear stresses in this region tends to dominate the overall friction coefficient. As a result, up to an averaging constant the observed friction behavior simply reflects the evolution of the shear stress in one point pϭp H , see ͓3͔. For a limiting shear stress model, the situation is initially the same: for low c ( c р10) the limiting shear stress is not reached and c almost completely characterizes the behavior of . However beyond a certain value the limiting shear stress is reached in the center. The subsequent increase of with c is then due to the growth of a ϭ L patch. The friction behavior is still mostly determined by the shear stress in the center but some information about the size of the patch is required for an adequate characterization. This can be achieved by calculating c at the edge of the patch instead of at the center, i.e., at the average pressure p instead of at p H . For low , however, c should still be calculated at p H . A smooth transition is obtained by considering c (p*) where p* is given by:
with (1Ϫ⑀)p H ϭp . Of course, now that the distribution of the shear stress in the contact matters, contrarily to the Eyring model, the shape of the contact is explicitely taken into account: ⑀ϭ1/3 for point and elliptic contacts, ⑀ϭ1Ϫ/4 for line contacts. Figure  3 shows the corrected friction results plotted now as a function of ( c (p*), ).
In this way the amount of scatter has been reduced to 10% which is a reasonable limit for engineering purposes. Hence, just as for the Eyring model the frictional behavior of EHL contacts following the circular model can be described accurately by a single mastercurve given by:
3.2 Other Rheological Models. Figures 4, 5, and 6 show the friction data as a function of ( c (p*), ) for the general model with nϭ1, nϭ1.8 and Gecim and Winer's model respectively. The conditions are the same as for the circular model. In the figures it is shown that the behavior for these models is the same as for the circular model, i.e., all data points closely fall on a the same single curve, which is accurately predicted by Eq. ͑16͒. This implies that the range in which the transition from Newtonian behavior to limiting shear behavior takes place is so narrow that at least with values 1рnр2.8 no discrimination between the different limiting shear stress models can be observed. Only one mastercurve is needed to describe the frictional behavior of EHL contacts accurately.
Experimental Verification.
The results and analysis presented in the preceding sections shows that friction in EHL contacts with a lubricant that exhibits limiting shear stress behavior seems to follow a single traction mastercurve when described in terms of ( c (p*), ). In this section this numerical result is validated using experimental data published in the literature ob- tained for different lubricants under various operating conditions. The validation is performed by plotting the experimental results in terms of ( c (p*), ). In particular the existence and position of the very sharp transition from ϳ0 to ϳ0.8 suggested by the numerical analysis needs to be verified. The existence of a plateau at larger values of c is evident.
To calculate ( c (p*), ) the viscosity at Hertzian pressure and the limiting shear stress must be known in addition to the friction coefficient for a given value of slip or shear rate.
Traction Data. The friction data is read from experiments conducted on two disc machines. With a line contact configuration, for a synthetic polyphenylether 5P4E, a mineral oil HVI 650 and a traction fluid S50, see ͓17͔ and an elliptic contact configuration for a di͑2-ethylhexyl͒phthalate ͑DOP͒, see ͓18͔.
Viscosity. The viscosity values should be obtained independently of traction measurements to avoid assumptions on the rheological behavior of the lubricants. Here, data obtained with falling body viscometers is used, see ͓10͔ for 5P4E, ͓19͔ for HVI 650 and ͓16͔ for Santotrac 50 and DOP. The lubricant characteristics are given in details in Tables 1 and 2 . The viscosity at Hertzian pressure is calculated using the Free Volume relation within the range of the high pressure viscometer, i.e., the Free Volume relation is not used to extrapolate values at lower temperatures or higher pressures than actually tested. This limits the analysis to values of viscosity р10
5 Pas which are too low to reach the range of c (p*) where a plateau can be seen but are large enough to show the transition.
Limiting Shear Stress. For all cases but one, the limiting shear stress proportionality constant ␥ is obtained independently of traction tests. Either from measurements on a constant pressure stressstrain apparatus ͓20͔ ͑5P4E͒ or from measurements done with a high pressure chamber ͓21͔ ͑HVI 650 and Santotrac 50͒. For the case of DOP no such data is available and a value based on the traction curves had to be chosen. Table 3 gives the conditions of the traction tests considered for the different lubricants as well as the value of ␥. The results are plotted in Fig. 7 . It is shown that for all lubricants and contact configurations, the transition from ϳ0.1 to ϳ0.8 happens in a narrow range of c (p*) as predicted by the numerical analysis. Values of higher than 1 are observed indicating that the values of ␥ obtained by ͓20͔ and ͓21͔ are on the low side. Differences of up to 20% between measurements on different apparatus are known to happen so the inaccuracy observed here is within the range of experimental error. The accuracy of the value of ␥ however has little influence on the value of c (p*) and a change of ␥ only results in a minor vertical shift of the entire set of points. The remark made above about the slope of the transition remains therefore valid. The position of the transition is not the same for all lubricants: HVI650 lies very close to the mastercurve while the others lie further to the right. This discrepancy may be explained by thermal effects in the contact. Although the traction experiments were carefully controlled to ensure isothermal conditions even a slight increase of temperature may have a large effect on the viscosity and thus on c (p*) resulting in a shift of the data points to the left. This is illustrated in Fig. 8 where the same friction results are plotted assuming a slightly higher temperature in the center of the contact: 115°C instead of 100°C for 5P4E, 50°C ͑40°C͒ for S50. All the points are now brought together closely on the master- curve. This figure confirms that a small increase of temperature, well within the range of heat generation of sliding EHL contact, can explain the discrepancy. Taking the same temperature increase for all shear rates is of course a very coarse approximation. This can be seen in the case of 5P4E where a higher temperature increase at the high shear rates should be taken for the highest points to fall on the mastercurve. Another explanation suggested by Bair ͓22͔ relates the shift of the data points to the right of the curve to shear-thinning effects. Those effects do not change the shape of the traction curve but result in a shift to higher shear rates. This corresponds quite well to what is observed in Fig. 7. 
Comparison of the Eyring and Limiting Shear Stress Mastercurves
The friction generation in isothermal contacts can now be mapped simply using the mastercurve for the limiting shear stress models, Eq. 15, and the mastercurve for the Eyring model, see ͓3͔.
However the mastercurve for the Eyring model can hardly be applied in practice as values of 0 obtained independently of traction tests are not available.
In this section the two mastercurves are compared to find a relation between the characteristic parameters of both models 0 and L such that the friction coefficient given by both mastercurves are equal. In this way a value of 0 can be obtained independently of traction test and the Eyring model used for prediction of the friction coefficient.
The problem is therefore to find ϭ L (p H )/ 0 such that E ϭ L where E and L denote the friction coefficient obtained with the Eyring and limiting shear stress models, respectively. Assuming
Eq. 16 can be written in terms of the reduced friction coefficient:
introducing , Eq. 17 reads:
using:
with:
Note that even for the Eyring model, L (p H ) is used. Substitution of Eq. 19 and Eq. 20 in Eq. 18 gives:
Eq. 22 cannot be solved for analytically but a numerical solution is straightforward. Nevertheless a good approximation of the numerical solution obtained for a wide range of and * is given by:
Eq. 23 enables the use of the Eyring model to predict friction independently of traction test results by relating 0 to L . For a given set of operating conditions 0 can be calculated. Although using Eq. 23 implies that the value of 0 has to vary with c it is physically reasonable to expect both models to coincide only in the nonlinear region when the limiting shear stress has no yet been reached. To ensure that this is the case one may take for 0 the value given by Eq. 23 for c (p*)ϭ1. As an illustration consider the cases used for the experimental validation, see Table 1 . The comparison between the values of 0 measured using the slope of the traction curve and calculated with Eq. 23 is given in Table 4 . The calculated values of 0 are quite close to the measured values allowing for some uncertainty in the value of ␥. The comparison is less favorable for DOP. The explanation of the discrepancy may be found in the limited range of shear rates considered which fails to cover much of the linear region suitable to measure 0 .
The good agreement observed between calculated and measured values shows that Eq. 23 can be used together with the Eyring mastercurve to predict friction coefficients accurately and independently.
Conclusions
Numerical simulations of friction in EHL contacts have been performed with four different limiting shear stress models. The friction data obtained under widely varying operating conditions and contact configurations can be brought together on a single traction mastercurve using two parameters, c (p*) and . The validity of the mastercurve has been checked against experimental results published in the literature.
The parameters ( c (p*), ) are almost identical to those derived in a similar analysis performed previously with the Eyring model, see ͓3͔. They offer the possibility to characterize sliding friction in EHL contact in a unique way. This reflects the fact that whatever the rheological model chosen, the friction generation mechanism remains the same: the shear of a high-viscosity lubricant film in the central high pressure region of the contact.
The frictional behavior of EHL contacts is now described accurately for the two main types of rheological models, Eyring and limiting shear stress, by two mastercurves. By comparing the mastercurves for both models a relation between 0 and L has been found. It allows for independent prediction of friction using the Eyring model. The two mastercurves represent simple and accurate engineering tools to predict friction for a wide range of conditions.
To extend further the range of applicability of the mastercurve, this analysis should be supplemented by a study of thermal effects which have a significant effect on friction at high shear rates. This is the subject of further research. 
S ϭ slide to roll ratio, Sϭ2(u 2 Ϫu 1 )/(u 2 ϩu 1 ) S ϭ dimensionless slip parameter, It is not possible to analytically derive a modified Reynolds equation in the general case of elliptic contacts and non-Newtonian lubricant behavior. Until now two options have been considered: the approximation of the rheological function such that the two integrations needed to derive the Reynolds equation from the shear rateshear stress relation can be performed analytically ͓1,2͔. Alternatively, the integrals can be evaluated numerically across the film at each step of the solution process ͓7͔. One obvious drawback of the latter approach is the increase in computational complexity which seriously reduces the possibility of transient studies. The former approach on the other hand adds almost nothing to the complexity but is not valid for limiting shear stress models. Here a new method is presented combining both approaches outlined previously. It can be applied to a wide range of limiting shear stress models.
Consider the partially coupled situation, e ϭ X , assuming that the mean shear stress in the Y-direction is negligible:
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The shear rate-shear stress relation reads: 
where: An alternative to the full numerical integration used in ͓1͔ is to approximate the integrals. Making use of Eq. 24 and the approximation x ϳ , it is clear that the relation between and z is linear so that the integrals A 1 to A 4 across the film thickness z may simply be written as integration with respect to . Defining the variable ϭ Ϫ m , it follows that dϭN 2 H‫ץ‬ P/‫ץ‬Xdz and that the range ͑Ϫ1/2, 1/2͒ of z transforms to (Ϫ␦ , ␦ ) in , where ␦ ϭN 2 H‫ץ‬ P/‫ץ‬X. Thus, 
